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1
$PG(m, 2)$ (dimensional dual hyperoval, DHO)
C. Huybrechts A. Pasini [2] .
1 (DHO). A family $S$ of d-dimensional subspaces of $PG(m, 2)$ is called
a d-dimensional dual hyperoval in $PG(m, 2)$ if it satisfies the following con-
ditions:
1. ally two distinct members of $S$ intersect in a projective point,
2. any three mutually distinct members of $S$ intersect in the empty pro-
jective set,
3. the members of $S$ generate $PG(m, 2)$ , and
4. there are exactly 2$d+1$ rnembers of $S$ .
(quasifield)
(nearfield) DHO .
2 ( ). An algebraic structure $(Q;+, \circ)$ is called a quasifield if it
satisfies the following conditions:
(1) $Q$ is an abelian group $under+with$ identity $0$ ,
(2) for all $a\in Q,$ a $00=00\alpha=0$ ,
(3) there exists an element $1\in Q\backslash \{0\}$ such that 1 $oa=a\circ 1=a$ for all
$a\in Q$ ,
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(4) for all $a,$ $b,$ $c\in Q,$ $(a+b)oc=aoc+boc$.
(5) for $a,$ $c\in Q$ with $a\neq 0$ , there exists exactly one $x\in Q$ such that
$c\iota ox=c$ , and
(6) for $a,$ $b,$ $c\in Q$ with $a\neq b$ , there exists exactly one $x\in Q$ such that
$x\circ a-xob=c$ .
(near field) , .
(semifield) , . 2
$PG(2d, 2)$ $d$
.
1. Let $d\geq 2$ . Let $(Q;+, 0)$ be a quasifield of characteristic 2 which
is a $(d+1)$ -dimensional vector space over $GF(2)$ . We fix an $isomo\eta hism$
$\phi$ : $Q\cong GF(2^{d+1})$ as a vector space over $GF(2)$ which sends $1\in Q$ to
$1\in GF(2^{d+1})$ . We denote by $Tr$ the trace function ffom $GF(2^{d+1})$ to $GF(2)$ .
Let $\sigma$ be a generator of the galois group $Gal(GF(2^{d+1})/GF(2))$ .
In $Q\oplus Q\backslash \{(0, O)\}=PG(2d+1,2)$ , for $t\in Q$ , let
$X(t)=\{(x, (x\circ t)^{\sigma}+xot)|x\in Q\backslash \{0\}\}$ .
Then $S(Q)$ $:=\{X(t)|t\in Q\}$ is a d-dimensional dual hyperoval in $PG(2d, 2)$
where $PG(2d, 2)=\{(x,y)|x,y\in Q,Tr(y)=0\}\backslash \{(0,0)\}$ .
. ,
DHO .
1. Let $(N_{1\backslash }\cdot 0, +)$ and $(N_{2};*, +)$ be nearfields. If $S(N_{1})$ is isomorphic
to $S(N_{2})$ , then $(N_{1} ; 0, +)$ is isomo$rp$hic to $(N_{2};*, +)$ .







$ffi1$ . For $b\in N\backslash \{0\}$ , let us $d_{(}$fine an automorphism $m_{b}$ of $PG(2d, 2)$ as
follows;
$m_{b}((x, y))$ $:=(x\circ b^{-1}, y)$ .
Then, $m_{b}$ is $a$ automorPhism of the dual hyperoval $S(N)$ , which satisfies that
$m_{b}(X(t))=X(b\circ t)$ and that $m_{b}(X(O))=X(0)$ , where $X(0)$ $:=\{(x, O)|x\in$
$N\}$ . Hence we see that the multiplicative group $(N\backslash \{0\}, 0)$ acts regularly on
$S(N)\backslash \{X(0)\}$ .
, .
2. Let $\Psi$ be an automorphism of $S(N)$ defined by
$\Psi((x, y))=(f(x), y)$ ,
where $f$ is some $GF(2)$ -linear mapping. Then there enits non-zero element
$b$ in $N$ such that $f(x)=x\circ b^{-1}$ . Therefore, we have $\Psi=m_{b}$ for some
$b\in N\backslash \{0\}$ .
3 1
Cooperstein-Thas [1] $PG(2d, 2)$ $d$ DH0
.
2. The subset
$PG(2d, 2)\backslash \cup$ { $the$ points on the members of the dual hyperoval}
is a $(d-1)- dimensional_{\backslash }$ subspace in $PG(2d, 2)$ .
, .
X 1. Let $S(Q)=\{X(t)|t\in Q\}$ with $X(t)=\{(x, (xot)^{\sigma}+xot)|x\in Q\backslash \{0\}\}$
be a dual hyperoval constructed from a quasifield Q. Then, in $PG(2d, 2)=$
$\{(x, y)|\prime x, y\in Q, T\tau\cdot\cdot(y)=0\}\backslash \{(0,0)\}$ , we have
$\{(0, y)|y\in Q_{)}y\neq 0, Tr(y)=0\}=PG(2d, 2)\backslash \bigcup_{t\in Q}X(t)$.
, .
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3. Let $(N_{11^{O})}+)$ and $(N_{2}; *, +)$ be Nearfields. We regard that the am-
bient space $PG(2d, 2)=\{(x, y)|x, y\in N_{1)}Tr(y)=0\}=\{(x, y)|x,$ $y\in$
$N_{2},$ $Tr(y)=0$ }. If dual hyperovals $S(N_{1})$ and $S(N_{2})$ are isomorphic by the
automorphism of $th,$ (: ambient space $\Phi$ : $PG(2d, 2)arrow PG(2d, 2)$ , we may
assume that $\Phi$ is represenred, using some $GF(2)$ -linear mapping $a(x)$ and
$d(y)$ , as follows;
$\Phi((x, y))=(a(x), d(y))$ .
2 , .
ffiIS 3. Let $(N_{1}; \circ, +)$ and $(N_{2};*, +)$ be nearfields. Let the dual hyperovals
$S(N_{1})$ and $S(N_{2})$ are isomorphic by the mapping $\Phi$ , then there is a group
isomorphism $\theta$ : $(N_{1}\backslash \{0\}, \circ)\mapsto(N_{2}\backslash \{0\}, *)$ such that, for any $b\in N_{1}\backslash \{0\}$
and for any $X_{1}(t)\in S(N_{1})$ , we have
$\Phi(m_{b}(X_{1}(t)))=m_{\theta(b)}(\Phi(X_{1}(t)))$ .
, .
1. Let $(N_{1} ; 0, +)$ and $(N_{2};*, +)$ be nearfields. If dual hyperovals $S(N_{1})$
and $S(N_{2})$ are isomorphic, then $(N_{1},0, +)$ and $(N_{2}, *, +)$ are isomorphic.
Proof. We assume that dual hyperovals $S(N_{1})$ and $S(N_{2})$ are isomorphic
by $\Phi$ . Hence, we may assume that $\Phi(X_{1}(0))=X_{2}(0)$ . Therefore, $\Phi$ is
represenred as $\Phi((x, y))=(a(x), d(y))$ for some $GF(2)$-linear mapping $a(x)$
and $d(y)$ . Moreover, we may assume that $\Phi(X_{1}(1))=X_{2}(1)$ . We define $\rho$
by $\Phi(X_{1}(t))=X_{2}(\rho(t))$ . Then we have $\rho(0)=0$ and $\rho(1)=1$ . We have
$\Phi(m_{b}(X_{1}(t)))=m_{\theta(b)}(\Phi(X_{1}(t)))$ (1)
using the group isomorphism $N_{1}\backslash \{0\}\ni b\mapsto\theta(b)\in N_{2}\backslash \{0\}$ . Since
$\Phi$ : $X_{1}(t)\ni(x, (xot)^{\sigma}+xot)$ }$arrow(a(x), d((xot)^{\sigma}+xot))\in\Phi(X_{1}(t))$ ,
and by the equation (1), we have
$\Phi((xob^{-1}, (xot)^{\sigma}+xot))=(a(x)*\theta(b^{-1}), d((xot)^{\sigma}+xot))$ ,
hence, by $\Phi((:\iota\cdot, y))=((\iota(x), d(y))$ , we havc
$a(xob^{-1})=a(x)*\theta(b^{-1})$ . (2)
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On the other hand, since $\Phi(X_{1}(l))=X_{2}(\rho(t))$ and since $X_{2}(\rho(t))=\{(x,$ $(x*$
$\rho(t))^{\sigma}+x*\rho(t))$ $x\in N_{2}\backslash \{0\}\}$ , we have
$(a(x), d((x\circ t)^{\sigma}+xot))=(a(x), (a(x)*\rho(t))^{\sigma}+a(x)*\rho(t))$ ,
hence we have $d((xot)^{\sigma}+xot)=(a(x)*\rho(t))^{\sigma}+a(x)*\rho(t)$ for any $x$ and $t$ in
$N_{1}$ . Since $\rho(1)=1$ , we have $d(x^{\sigma}+x)=a(x)^{\sigma}+a(x)$ if we put $t=1$ . Since
$d$ is a linear mapping, if we put $x=1$ , we have $a(1)^{\sigma}+a(1)=0$ . Since the
mapping $a$ induces the following $GF$(2)-1inear isomorphism of d-subspaces
$X_{1}(0)$ and $X_{2}(0)$ ;
$\Phi$ : $X_{1}(O)\ni(x, 0).\ovalbox{\tt\small REJECT}\mapsto(a(x), 0)\in X_{2}(0)$ , (3)
we have $a(1)\neq 0$ , hence we have $a(1)=1$ . Now, since $a(1)=1$ , we
have $a(b^{-1})=\theta(b^{-1})$ by the equation (2) if we put $x=1$ . Hence we have
$a(x)=\theta(x)$ for.r $\in N_{1}$ if we dcfine $\theta(0)=0$ . Therefore, by the equation
(2), we conclude that $a(xoy)=a(x)*a(y)$ for any $x,$ $y\in N_{1}$ . By (3), and
since $X_{1}(0)=\{(x, 0)|x\in N_{1}\}$ and $X_{2}(0)=\{(x, 0)|x\in N_{2}\}$ , we see that
the mapping $a$ induces an isomorphism $a$ : $N_{1}\cong N_{2}$ of vector spaces over
$GF(2)$ . Since $a(xoy)=a(x)*a(y)$ for any $x,$ $y\in N_{1}$ , and $a$ induces an
isomorphism from $N_{1}$ to $N_{2}$ as vector spaces over $GF(2)$ , we see that the
mapping $a$ induces $(N_{1}; \circ, +)\cong(N_{2};*, +)$ . $\square$
4 DHO
3. Let $(Q;+, 0)$ be aquasi eld.
(1) The set
$K(Q):=\{a\in Q|ao(xoy)=(a\circ x)\circ y, ao(x+y)=a\circ x+aoy,x,y\in Q\}$
is called the kernel of $Q$ . We note that $K(Q)$ is a subfield of $Q$ .
(2) The middle nucleus $N_{n\iota}(Q)$ of $Q$ is defined as:
$N_{m}(Q)$ $:=$ {$n\in Q|xo(noy)=(xon)\circ y$ for all $x,$ $y\in Q$ }.




4. Let $(Q;+, 0)$ be a quasifield, and $S(Q)$ a dual hyperoval constructed
from Q. Let $b$ be any non-zero element of the middle nucleus $N_{m}(Q)\backslash \{0\}$ .
Inside $PG(2d, 2)=\{(x, y)1x, y\in Q,Tr(y)=0\}\backslash \{(0,0)\}$ , let us define the
maPping $r\cdot n_{b}$ as follows:
$m_{b}((x, y))$ $:=(xob^{-1}, y)$ .
Then $m_{b}$ is an automorphism of $S(Q)$ . Moreover, we have $m_{b}(X(t))=X(bo$
$t)$ , and $m_{b}(X(O))=X(O)$ . Thus, the group $N_{m}(Q)\backslash \{0\}$ acts semi-regularly
on $S(Q)\backslash \{X(0)\}$ .
, .
5. We assume that $K(Q)arrow\supset GF(2)$ . Inside $PG(2d, 2)=\{(x,y)|x,y\in$
$Q,Tr(y)=0\}\backslash \{(0,0)\}$ , let $\Psi$ be an automorphism of $S(Q)$ defined by
$\Psi((x, y))=(f(x), y)$ ,
where $f$ is a $GF(2)$ -linear mapping. Then we have $f(x)=xob^{-1}$ for $b\in$
$N_{m}(Q)\backslash \{0\}$ . Hence $\Psi=m_{b}$ for some $b\in N_{m}(Q)\backslash \{0\}$ .
, DH0
.
X 2. Let $S_{1}$ and $S_{2}$ be semifields. We assume that $K(S_{1}),$ $K(S_{2})\supseteq GF(2)$ .
If dual hyperovals $S(S_{1})$ and $S(S_{2})$ are isomorPhic,
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